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Extension of Local Momentum Theory
to Hovering Rotor with Distorted Wake

Keiji Kawachi*
University of Tokyo, Tokyo, Japan

The local momentum theory is extended in this paper to include the effects of a rotor wake deformation in
hovering flight. A comparison of this extended local momentum theory with a prescribed wake vortex theory is
presented. The results indicate that the extended local momentum theory has the capability of achieving a level
of accuracy similar to that of the prescribed wake vortex theory, using a much smaller amount of computer time.
It is also shown that the analytical results obtained using either theory are in reasonable agreement with ex-
perimental data.
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Nomenclature
= aspect ratio of a blade
= lift curve slope, rad ~ *
= speed of sound
= number of blades
= attenuation coefficient
= thrust coefficient = T/pirR2 (#0)2

= blade chord
= running index or inclination angle of tip path

plane (positive forward tilt)
= coordinate of a blade element
= running index
= parameters showing tip vortex positions
= airloading
= coordinate of a local station on rotor rotational

plane
= Mach number
= Mach number of blade tip
= mass of air associated with local momentum

given by Eq. (2)
= number of spanwise partitions
= position of tip vortex
= rotor radius
= radial position
= flapping hinge offset
= thrust
= time
= horizontal inflow velocity of a blade element

given by Eq. (2)
= induced velocity given by using simple vortex

model
= forward velocity
= normal component of inflow velocity (positive

downward)
= induced velocity (positive downward)
= nondimensional radial position = r/R
= nondimensional radial position given by Eq. (2)
= nondimensional radial position of tip vortex

given by Eq. (4)
= nondimensional flapping hinge offset = r$ /R
= distance from rotor rotational plane (positive

downward)
= nondimensional axial position of tip vortex

given by Eq. (5)
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small increment
function
blade pitch angle (positive leading-edge up)
= 0.75 -
blade twist rate
collective pitch angle at x- 0.75
running index
air density
summation
solidity = bc/irR
inflow angle or wake age
azimuth angle
rotor rotational speed

Subscripts and Superscripts
b = number of blades
/ = spanwise partition, quantity of /th hypothetical

wing, or quantity of /th tip vortex
j = azimuth-wise or time-wise partition
k = quantity of kth blade
X = azimuth-wise or time-wise partition,

or spanwise position
. 0 = uniform or initial value

Ic, Is = first harmonic contents of Fourier cosine and
sine series

( Hm — quantity at a local station (/, m) at time t =j

Introduction

IT has been pointed out that a wake deformation has strong
effects on the airloading and induced velocity distribution

of a helicopter rotor in hovering flight.1'4 There are two
methods commonly used to analyze these wake deformation
effects, free wake vortex theory5 and prescribed wake vortex
theory.1'4 In free wake vortex theory, each of the vortex
segments moves with the corresponding local induced
velocity; therefore, this theory does not require any ex-
perimental data for wake positions. The theory, however,
requires an enormous amount of computer time, and the
calculation may be difficult because of instability of the
vortex elements. In prescribed wake vortex theory, the vortex
segments are positioned as observed in experiments. This
theory is more practical and the calculation is not difficult;
however, even prescribed wake vortex theory requires con-
siderable computer time.

The local momentum theory is based on the instantaneous
balance between the fluid momentum and the blade elemental
lift at a local station in the rotor rotational plane.6'8 The
theory has the capability of evaluating effectively time-wise
variations of airloading and induced velocity distributions
along a helicopter blade span. The theory previously assumed
that the wake of a hovering rotor did not move in the radial
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direction; therefore, the theory gave almost the same result as
the rigid wake vortex theory.

In order to analyze those effects of the wake deformation
of a hovering rotor more effectively, the local momentum
theory is extended. In the new distorted wake model to be
described in this paper, fluid elements surrounding a rotor are
located a$ observed in experiments. In addition, the model to
calculate the attenuation coefficient is improved in order to
include the effect of the blade tip vortex. The span wise lift
distributions obtained by this extended local momentum
theory are compared with experimental results and with those
of a prescribed wake vortex theory.3'4

Local Momentum Theory
The local momentum theory is briefly explained here in

order to obtain necessary concepts to understand the distorted
wake model presented in this paper. More detailed ex-
planations of the local momentum theory are given in Refs. 6-
9. In the local momentum theory, a rotor blade is assumed to
be operating in a sheared flow in the rotor rotational plane.
The rotor rotational plane is assumed to be divided into small
elements called local stations. The position of each local
station is given by the coordinates (l,m). The rotor blade
moves past these local stations, and leaves an induced velocity
at each of the local stations (Fig. 1). The rotor blade is
represented by a series of hypothetical wings of decreasing
wing span (Fig. 2). Each hypothetical wing has an elliptical
circulation along its wing span. The trailing vortices shed
from this hypothetical wing are straight, perpendicular to the
wing span and extended to infinity; therefore, the induced
velocity is uniform along the span of each hypothetical wing.
Momentum theory is used to obtain the relation between the
lift distribution and the induced velocity distribution for each
hypothetical wing. The actual airloading and induced velocity
distribution of a real rotor blade is represented by the sum-
mation of the lift and induced velocity of this series of
hypothetical wings. Therefore, the lift per unit span, /,-, acting
on a local segment of the real rotor blade spanned by
(xi,xi+1), is calculated by using momentum theory. The
upwash velocities outside of the hypothetical wings are
neglected, when calculating the induced velocity distribution
inside of the real rotor blade.6 This is because the upwash
region outside of each hypothetical wing is limited to an area
near the wing tip.

Uij- ik (4m)

a ) t = j-l

U i j k (4mO (4m)

b ) t = j

•VN

(4'm') (4m)

VN

tVj j+ ik

c) t = j+l

Fig. 1 Time-wise variation of induced velocity on rotor rotational
plane.
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Fig. 2 Decomposition of a rotor blade to hypothetical wings.6

Equating this lift per unit span from momentum theory
with that from blade element theory, the following equations
are obtained:

I,
where

wx =

'/= \X>+' £ J r i =
vX; IA; i / A; I

(1)

xitC=(xi^xi+1)/2

</>,.= (Fsinf + ̂ (2)

In the above equations, cit 0, and af are a blade chard, a pitch
angle, and a lift curve slope of the blade element at x=xi>c,
respectively. \l/k0 and A^ are the initial azimuth angle of the
kth blade and tl^e azimuth-wise increment of each step of the
numerical calculation. The induced velocity is separated into
the following two components: v / y ^,t the induced velocity
generated by the blade element under consideration at time
t=j; and tfm, the entire remaining induced velocity generated
by blade elements that have previously passed through the
local station (l,m). Only the first component, v i j k f is related
to the lift when momentum balance is considered [Eqs. (1)
and (2)]. If cjw is given, the induced velocity distribution,
Vijt, is calculated from Eqs. (1) and (2).

The time-wise variation of induced velocity is given by
using "attenuation coefficients." The induced velocity at a
local station (l,m), where a blade element is just passing
through at time t=j- 1, is given as <?/,-_7k + vj~1 (Fig. 1).
After a small time interval has passed, the blade element
moves to station (/', m'). The disturbed air at station (l,m)
has gone downward and the field in the rotor rotational plane
is partially filled with fresh air. Therefore, the induced
velocity at station (l,m) has been changed at time t=j. By
introducing this time-wise changing rate of the induced
velocity, the remaining induced velocity, ^m, at station (l,m)
at time t=j can be related to the previous induced velocity as
follows:

(3)

tGenerally, the first subscript of any quantity, /, indicates the fth
radial segment of the blade, the second subscript, j, indicates the time
or azimuthal location of the blade segment, and the third subscript, k,
indicates the kth blade of a &-bladed rotor.
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Fig. 3 Views of tip vortices.

where dlm is one if any blade element exists at station (l,m) at
time t—j— 1, and otherwise it is zero. The time-wise rate of
change of the induced velocity, Cj-1, is called the "at-
tenuation coefficient." The value of the attenuation coef-
ficient is determined by experiments or by analytical
calculation based on an infinite vortex cylinder.7'9

In summary, the total calculation procedure of the local
momentum theory is as follows:

1) Assume initial value of the induced velocity, vfm .
2) Calculate induced velocity, vijk, and lift distribution, /,,

by using Eqs. (1) and (2).
3) Calculate attenuation coefficient, Cjm, by using the

model of infinite vortex cylinder.
4) Calculate the remaining induced velocity at time

t=j+l, v^1,byusingEq.(3).
5) Repeat steps 2-4 for each time step.

New Hovering Model Including the Wake Deformation
The wake deformation of a hovering rotor is separated into

spanwise deformation and axial deformation. The span wise
wake deformation includes the contraction and rollup of the
vortices. The axial wake deformation is the axial deviation
from the rigid helical wake position. In the local momentum
theory, the spanwise wake deformation is equivalent to the
spanwise movement of a local station on the rotor rotational
plane. In order to express the axial wake deformation, a new
model which would give a corresponding attenuation coef-
ficient was developed. Because the effect of the tip vortex on a
spanwise lift distribution is dominant among all the wake
components, the model of the present theory was developed
primarily to trace the behavior of the tip vortex. Figures 3a
and 3b show the side view and top view of the tip vortex. Tip
vortex 1 in Fig. 3a is shed from the blade under consideration
(blade A) at position Pl at time t=j. Tip vortex 2 was shed
from the preceding blade (blade B) at position P1 at time
t—j-I, and is located at position P2 at time t=j. The period
between t=j— 1 and t=j is the period during which two
neighboring blades successively pass through the same
position of the rotor rotational plane; that is, A^=2-7r/M2.
During the period ktb, tip vortex 2 moves from P7 to P2.
Following the motion of tip vortex 2, a station on the rotor
rotational plane moves from rl to r2 during this period, where
rl and r2 are radial positions of tip vortices 1 and 2. Similarly,
each station moves from ri_l to rf during the period following
the motion of the /th tip vortex. The positions of the tip
vortices are given by a generalized wake model1'3'10:

= K4+(l-K4)e-K3<i>

= K1(2ir/b)+K2((j>-2Tr/b)

(4)

(5)

Av(x>1)

Fig. 4 Summation of induced velocity distributions of hypothetical
wings.6

of the /th tip vortex is given as

where XT and ZT are the axial and radial nondimensional
positions of the tip vortices. Using Eq. (4), the radial position

(6)

(7)

Outside the rotor disk; (r>R), each of the stations moves a
distance equal to that between rl and r2 toward the blade root
in order to avoid making a gap between neighboring stations.
At the inner area of the rotor (r^RK4), the stations do not
move, because no tip vortex moves into this area [Eq. (4)].
Therefore, the positions of the stations in the inner area are
coincident with those of the rigid wake model. The
parameters Klf K2, K3 and K4 in Eqs. (4-6) are determined by
experimental data using flow visualization techniques. There
are three available generalized wake models, one proposed by
Landgrebe,1 one by Kocurek and Tangier,2 and one by
Kocurek, Berkowitz and Harris.10 In this paper, the second
model is most frequently used because of its applicability over
wide range variations of rotor geometry, and because of the
convenience of comparison with other computer codes.

In the local momentum theory, the real rotor blade is
represented by a series of hypothetical wings. Each
hypothetical wing is one-sidedly arranged (Fig. 2); therefore,
when summing up induced velocities of the hypothetical
wings, up washes are not concentrated but distributed inboard
of the blade tip (xr^l). Each upwash outside a hypothetical
wing is limited to an area near the wing tip. These make it
possible to neglect the upwashes inboard of the blade tip when
calculating the induced velocity distribution of the rotor blade
[Eqs. (1) and (2)]. The upwashes of the hypothetical wings
are, however, concentrated outboard of the blade tip as
shown in Fig. 4. Although the effect of each upwash outside a
hypothetical wing is small, this concentration brings that the
summation of upwashes outboard of the preceding blade tip is
sometimes strong enough to give an effect on the lift
distribution of the following blade. Because each station
moves in this distorted wake model, a part of the following
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blade (the hatched area in Fig. 3b) operates in the upwash
region generated by the preceding blade, even in the hovering
case. Consequently, it is necessary to calculate the upwash
distribution outside the blade tip, whereas the up washes
inboard of the blade tip are neglected.

Remembering the calculation procedure to obtain the value
of the induced velocity of each hypothetical wing, i.e., Av,, it
is necessary to omit the upwash only inboard of the blade tip
(x^\). This is due to the fact that in the one-sided
arrangement the angle of attack at any spanwise station of the
blade is independent of the tip-side upwash, unlike the in-
board upwash. Therefore, after the value of the induced
velocity, Av/, is determined by omitting the upwash inboard
of the blade tip (xr^l), it is a simple matter to estimate the
upwash outboard of the blade tip (x> 1) as follows:

before the station at time t —j. During the period between time
t=j-\ and t =j, the vortex ring and the vortex cylinder move
downward and radially contract. Using Eq. (5), the vertical
position Z, is given by

2xt-l-xx
(8)

Thus, the do wnwash distribution along the blade is calculated
by using Eqs. (1) and (2), and the upwash distribution out-
board of the blade tip is given by Eq. (8). Furthermore, in Eq.
(3), the induced velocity ^lm at a station (l,m) should be given
by the summation of all velocities induced, not only those
induced by the real blade elements (x^l, or i^n) passing
through the station, but also those induced by the
hypothetical blade elements (jc> 1, or i>n) extending through
the tip-side upwash region. In addition to this, similar to the
do wnwash, the time-wise variation of the upwash is expressed
by using the attenuation coefficient. Consequently, in this
case, Eq. (3) becomes

(9)

where n' is the number of the spanwise partitions of the real
and hypothetical blade. dlm should be considered to be one if
any real or hypothetical blade element exists at the station
(l,m) at time t=j—l; otherwise it should be considered to be
zero.

The new model was also developed to take the wake
deformation into account and to obtain the attenuation
coefficient, Cj

lm, at the upwash region. Figure 5 shows the new
model which is composed of a vortex ring and a semi-infinite
vortex cylinder. The vortex ring represents the tip vortex
nearest the rotor rotational plane, and the vortex cylinder
represents the remaining tip vortices. The vortex cylinder is
made of the continuous vortex, the strength of which is equal
to that of the axially averaged tip vortices.11 The strength of
the vortex ring is equal to that of the tip vortex. Figure 5a
shows that the preceding blade passes through a local station
at time t=j-\. The vortex ring is located on the rotor
rotational plane, and the top of the vortex cylinder is located
at the position of the second tip vortex. The distance between
the top of the vortex cylinder and the rotor rotational plane is
Z2. Figure 5b shows that the following blade comes just

ROTOR

BLADE(A)

= R[K1(2v/b)+K2(<l>i-2ir/b) (10)

a) t j 1 b) t ^ j

Fig. 5 Extended model for attenuation coefficient.

where </>, is given by Eq. (7). The radius of the vortex ring is
equal to that of the tip vortex nearest to the rotor rotational
plane (Fig. 5b). For simplicity, the radius of the vortex
cylinder is assumed to be equal to that of the vortex ring
instead of the corresponding tip vortex radius. This leads,
however, to an overestimation of the radius of the vortex
cylinder because of the contraction of the tip vortices as
shown in Fig. 3a. The radii of the vortex ring and the vortex
cylinder are given as Eq. (6).

The attenuation coefficient is defined by the rate of change
of induced velocities at a station (/, m) between time t=j and
t=j-\. In the present model including the wake defor-
mation, the station (l,m) moves from position ri_l to
position ri on the rotor rotational plane during this period.
Consequently, the attenuation coefficient of that station is
given as

(11)

where uj~! is the induced velocity at position ri_l on the rotor
rotational plane at time t=j—l, and u\m is the induced
velocity at position ri on the rotor rotational plane at time
t=j. Because the station at the inner part of the blade (r^
RK4) does not move, the attenuation coefficient of that
station is given as the rate of change of the induced velocities
at the same radial position between time t =j and t=j—l. The
stations which are located between positions r2 and R at time
t=j were situated outside the rotor disk (r>R) at time t—j
— 1. Therefore, when determining the attenuation coefficients
of these stations by using Eq. (11), the induced velocity u\^1 is
calculated outside the rotor disk. If the old model presented in
Refs. 7 and 9, which is composed of the vortex cylinder alone,
is used, the induced velocity u}'1 is zero outside the rotor
disk, and it is impossible to define the attenuation coefficients
of these stations. Consequently, the discrete vortex was in-
troduced into the present model.

In the Landgrebe wake model and in the Kocurek and
Tangier wake model, the parameters KI} K2 and K3 in Eqs.
(4-6) and (10) are functions of a thrust coefficient.1'2 In the
present method, those parameters are calculated at each time
step by using the value of a thrust coefficient. There is an
analytical solution11 for the induced velocity around the
vortex cylinder or the vortex ring. Based on this solution,
general tables of the induced velocity are constructed for the
vortex ring and for the vortex cylinder, before the start of
the calculation. The induced velocities, uj. and u{~ *, a relm '"<
obtained from these general tables, and the attenuation
coefficient is calculated at each time step by using Eq. (11).
The entire calculation is completed when the thrust coefficient
reaches a steady state. The calculation procedure of the
present theory is shown by Fig. 6.

Results and Discussions
A comprehensive study has been conducted to check the

extended local momentum theory. The spanwise lift
distributions for five different rotors were calculated by the
new theory. The results were compared with experimental
data and with those obtained by using other analyses. Table 1
shows the geometrical characteristics and the operating
conditions of the rotors considered in this study (see also
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Refs. 12-16). Three of them are model rotors, and two are full
scale rotors.

Two computer codes of the prescribed wake vortex theory
were used in this study, the AMI lifting surface program,4

and the UTRC lifting line program.3 In the present theory and
the UTRC code, the lift curve slope of airfoil sections is given
as

00 = 6.05(l/rad)

(12)

(13)

Mis the Mach number of the airfoil section, and it is given as

(14)

where as is the speed of sound. The above equations are based
on Refs. 17 and 18. Because the angles of attack of the airfoil
sections are far below the stall angles in all experimental cases
selected in this study, the foregoing simple relations are
applicable.

The sample results are shown in Figs. 7-11. Comparisons of
the present theory with the AMI code, with the UTRC code,
and with the first experiment12 (case A) when using the
Landgrebe wake model are presented in Fig. 7. The ex-
perimental result was obtained using a laser velocimeter to
measure the bound circulation. The result obtained by using
the present theory shows good correlation with that of the
AMI code or of the UTRC code. The experimental data show
a higher lift peak at the blade tip than the three theoretical
estimations. This is probably caused by the existence of a
larger wake deformation than estimated using the generalized
wake model,19 rather than by modeling errors in the three
calculation models. In addition to these results, an analysis
using the earlier rigid wake model of the local momentum
theory is shown in Fig. 7. The lift curve slope of the airfoil
section is taken as given by Eqs. (12-14). It is apparent that the
extended local momentum theory improves the estimation of
the lift distribution near the blade tip. Analyses of the same
experiment (case A) when using the Kocurek and Tangier
wake model are presented in Ref. 9, and are similar to the
present results using the Landgrebe wake model.

An analysis of the second experiment (case B) using the
Landgrebe wake model is shown in Fig. 8. The experimental
data were measured in flight using an H-34 rotor (Table 4 in
Ref. 13). Although the correlation between the present theory
and the AMI code is not as good as the first experimental case
shown in Fig. 7, it is reasonable. The results of the UTRC
code are obtained using the collective pitch input mode and
the thrust coefficient input mode. The result of the collective
pitch input mode, in which the measured value of the

DATA INPUT |-————————Xj,Ai//,a,b,c.....

Fig. 6 Global flow chart of distorted wake model of local
momentum theory.

collective pitch is used in the computer program, is shown by
the double chain line. The result of the thrust coefficient input
mode, in which the value of the thrust coefficient is used in the
computer program, is shown by the broken line. When using
the collective pitch input mode, the difference between the
results of the AMI code and of the UTRC code is larger than
the difference between the results of the AMI code and of the
present theory. The thrust coefficient input mode gives better
correlation, but a measurable difference between the AMI
code and the UTRC code still exists near the blade tip.
Because the same thrust coefficient is used in the AMI code
and in the UTRC code when using the thrust coefficient input
mode, the difference between these two results is caused by
the difference between lifting surface and lifting line methods
as well as by the difference between the numerical methods to
calculate the thrust coefficient. In this experiment, the tip
vortices generated by the preceding blade are closer to the

Table 1 Rotor parameters and operating conditions

Case

Collective pitch angle at
x = 0.75,0075,deg

Rotor radius, R, m
Number of blades, b
Solidity, a
Aspect ratio of a blade, yR
Flapping hinge offset, x^
Mach number of blade tip, Mtip
Source

B

Blade section
Blade t wist, Ot, deg

0012
- 10.902

0012
-8.0

0012
-12.0

0015
0

0012
0

9.8
1.045
2

0.0464
13.7

0
0.226

N AS ATM
7861512

Model

9.41
8.53

4
0.0621

20.5
0.0357
0.583

NASA TM
X-95213

H-34
flight test

8.97
6.67
2

0.0369
17.3

0
0.639

TCREC-
TR-62-4214

UH-1A
flight test

8.0
0.762

2
0.0637

10.0
0

0.188
N AC A TN

295315

Model

5.3
2.32

2
0.0974
6.54

0
0.360

NACA TN
368816

Model
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following blade than in the first experiment shown in Fig. 7.
Therefore, the airloading distribution is more sensitive to the
tip vortex positions which depend on the thrust coefficient.
This is the primary reason for the poor correlation between
the AMI code and the UTRC code when using the collective
pitch input mode.

The results of the third experiment (case C), analyzed by the
Kocurek and Tangier wake model, are shown in Fig. 9. The
experimental data were obtained on a UH-1A helicopter.14

The correlation between the present theory and the AMI code
is very good. The correlation between the experiment and
either the present.theory or the AMI code is good. It is also
apparent that the present extension of the local momentum
theory demonstrates an improvement in the capability of
estimating the lift distribution. In addition, the result using
blade element theory with a uniform induced velocity is
shown by the double chain line. The uniform induced velocity
is given as v0 = QR\/'CT/2 where the thrust coefficient is equal

to that of the AMI code. The lift curve slope of the airfoil
section in blade element theory is as given by Eqs. (12-14).

The analyses of the fourth experiment15 (case D) using the
Kocurek and Tangier wake model are presented in Fig. 10.
The double chain line shows the result of the present theory
when using the collective pitch input mode. This result is very
similar to that of the AMI code obtained by using the
collective pitch input mode. The experimental data, however,
show poor correlation with the present theory when using the
collective pitch input mode. Ironically, the previous rigid
wake model gives better correlation vyith the experiment in
this input mode. When using the thrust coefficient input
mode, the present theory and the AMI code show good
correlation with the experiment. The airloading distribution
near the blade tip can be estimated only when using the
distorted wake model.

The fifth experiment16 (case E) was analyzed using the
Kocurek and Tangier wake model. The results using the
collective pitch input mode and the thrust coefficient input

——— PRESENT THEORY (LANDGREBE WAKE)
-•— PRESCRIBED WAKE THEORY (LANDGREBE WAKE)

AMI CODE
• — - PRESCRIBED WAKE THEORY (LANDGREBE WAKE)

UTRC CODE

-—— PRESENT THEORY(RIGID WAKE)

A EXPERIMENT (NASA TM78615)'12

I PRESENT THEORY (K-T WAKE)
— • — PRESCRIBED WAKE THEORY (K-T WAKE) AMI CODE
—..— BLADE ELEMENT THEORY WITH UNIFORM DOWNWASH

(v0= ̂ 72)

——. - PRESENT THEORY (RIGID WAKE)
EXPERIMENT (TCREC-TR-62-42),14

.02

Z C3

.5
r/R

1.0

Fig. 7 Comparison cf measured and calculated span wise lift
distributions in hover, with Landgrebe wake model (6 = 2, 0, = —10.9
deg, yR= 13.7, 00 75 = 9.8 deg).

Fig. 9 Comparison of measured and calculated spanwise lift
distributions in hover, with Kocurek and Tangier wake model (b = 2,
0, = - 12.0 deg, yR = 17.3, 0075 = 8.97 deg).

———— PRESENT THEORY (LANDGREBE WAKE): 00.75 = 9-41°
— •—PRESCRIBED WAKE THEORY (LANDGREBE WAKE)

AMI CODE: 00 75 = 9.41°
— • — PRESCRIBED WAKE THEORY (LANDGREBE WAKE)

UTRC CODE: 00 75 = 9.41°
— -.-.PRESCRIBED WAKE THEORY (LANDGREBE WAKE)

UTRC CODE: 00.75 = 10-4° -, 3
A EXPERIMENT (NASATM X-952) : #0.75 = 9.41°

———— PRESENT THEORY (K-T WAKE): 00.75 = 6.58°
———— PRESCRIBED WAKE THEORY (K-T WAKE) AMI CODE

00 .75 = 6.58°

— — — PRESENT THEORY(K-TWAKE):00 75 = 8.0°

— — — PRESENT THEORY (RIGID WAKE)^: 00.75 = 8-0°
A EXPERIMENT (NACA TN 2953)1 5l: 0Q.75 = 8.0°

.02 r

Fig. 8 Comparison of measured and calculated spanwise lift
distributions in hover, with Landgrebe wake model (b = 4, 0, - -8.0
deg, ,31 = 20.5).

Fig. 10 Comparison of measured and calculated spanwise lift
distributions in hover, with Kocurek and Tangier wake model (b = 2,
0,= 0.0 deg, ^=10.0).
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————'PRESENT THEORY (K-T WAKE): 00.75 = 4.04°
——.—PRESCRIBED WAKE THEORY (K-T WAKE)

AMICODE:0075 = 4.04°
———— PRESENT THEORY(K-TWAKE):0Q 75=5.3°

———— PRESCRIBED WAKE THEORY(K-TWAKE)
AMI CODE: 80 75 =5.3°

A EXPERIMENT (NACATN 3688)1:

Table 2 Comparison of computer time

.02

2.01
E

Fig. 11 Comparison of measured and calculated spanwise lift
distributions in hover, with Kocurek and Tangier wake model (b = 2,
0, = 0.0 deg,^R = 6.54).

mode are shown in Fig. 11. Again, only the thrust coefficient
input mode of the present theory or of the AMI code shows
good correlation with the experiment. The correlation be-
tween the present theory and the AMI code is reasonable in
both input modes.

Reviewing analyses of the five experimental cases,
correlation between the present theory and the AMI code is
always good. However, the correlation near the blade tip is
not as good as that of the inner part of the blade, nor is it as
good when the aspect ratio of the blade becomes smaller, or
when the tip vortices of the preceding blade are closer to the
blade under consideration. These trends are due to the sim-
plicity of the present model. An improved attenuation
coefficient in the upwash region might be effective in ob-
taining better correlation.

The difference between the results obtained using the AMI
code and the UTRC code is sometimes greater than the dif-
ference between those obtained using the AMI code and the
present theory. The experimental results fluctuate around the
three theoretical results, and it is difficult to determine which
computer code gives the best correlation with the experiments.
Therefore, the development of a more complicated model of
the present theory, which might make it possible to obtain a
better correlation with the AMI code alone, is not necessary at
present.

The experimental data of the fourth and the fifth cases are
very different from the theoretical estimation obtained by the
present theory or by the AMI code when using the collective
pitch input mode. This may be due to elastic torsion deflection
of the blade. When the thrust coefficient input mode is used,
however, the results obtained from using the distorted wake
model show the best correlation with the experiments. In the
other three experimental cases, the results obtained using the
present theory and the AMI code show reasonable
correlations with experimental results, even when the
collective pitch input mode is used.

The computer time required for each of the three codes to
obtain the results shown in Figs. 7 and 8 is given in Table 2.
These calculations were conducted under the same condition
by using CDC-7600 at Ames Research Center, NASA Moffett
Field, Calif. The variation of the computer time of the UTRC
code in the case of Fig. 8 is due to the difference of the
convergence speeds of the iteration included in this code. The
computer time required by the present theory is less than 1/15
of that of the UTRC code, and less than 1/60 of that of the
AMI code.

Computer time, s

Code/case
Present theory
AMI code
UTRC code

Fig. 7
0.34

23.18
6.37a

Fig. 8
0.44

43.03
7.02-40.52a

-aBy the private letter, this UTRC code is the earlier
version. The current CCHAP (Circulation Coupled Hover
Analysis Program), which includes the UTRC lifting line
method, requires approximately 2 seconds per case.

Conclusions
An extension of the local momentum theory to include the

effect of the rotor wake contraction in hovering flight was
presented. The extended local momentum theory was com-
pared with a prescribed wake vortex theory. The results in-
dicate that the extended local momentum theory has the
capability of achieving a level of accuracy similar to that of
the prescribed wake vortex theory over wide range variations
of rotor geometrical parameters. It has also shown that the
analytical results obtained using either theory were in
reasonable agreement with experimental data. The computer
time required by the present theory is less than 1/15 of that of
the prescribed wake vortex theory. Consequently, this ex-
tended local momentum theory is especially effective when
calculations are required for numerous cases.
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Our s c i e n t i f i c unders tanding of combustion systems has progressed in the past only as rapidly as penetrating experimental
techniques were discovered to clarify the details of the elemental processes of such systems. Prior to 1950, existing un-
de r s t and ing about the na tu re of flame and combustion systems centered in the field of chemical kinetics and thermodynamics.
This s i t ua t ion is not surprising since the relatively advanced states of these areas could be directly related to earlier
developments by chemists in experimental chemical kinetics. However, modern problems in combustion are not simple ones,
and they involve much more than chemistry. The important problems of today often involve nonsteady phenomena, dif-
f u s i o n a l processes among i n i t i a l l y unmixed reactants, and heterogeneous solid-liquid-gas reactions. To clarify the innermost
detai ls of such complex systems required the development of new experimental tools. Advances in the development of novel
methods have been made s teadi ly du r ing the twen ty - f ive years since 1950, based in large measure on fortui tous advances in the
physical sciences occurring at the same time. The diagnostic methods described in this volume—and the methods to be
presented in a second volume on combustion experimentation now in preparation—were largely undeveloped a decade ago.
These power fu l methods make possible a far deeper understanding of the complex processes of combustion than we had
t h o u g h t possible on ly a short t ime ago. This book has been planned as a means of disseminating to a wide audience of research
and development engineers the techniques that had heretofore been known mainly to specialists.
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